We discuss the non-equilibrium statistical mechanics of a thermally driven micromachine consisting of three spheres and two harmonic springs [Y. Hosaka et al., J. Phys. Soc. Jpn. 86 (2017)]. We obtain the non-equilibrium steady state probability distribution function of such a micromachine and calculate its probability flux in the corresponding mode space. The resulting probability flux can be expressed in terms of a frequency matrix that is used to distinguish between a non-equilibrium steady state and a thermal equilibrium state satisfying detailed balance. We analytically show that the probability flux of a micromachine is proportional to the temperature difference between the first and the third spheres when the friction coefficients are all identical. The scale of non-equilibrium of a micromachine can quantitatively be characterized by the flux rotor. We obtain a linear relation between the flux rotor and the average velocity of a thermally driven micromachine that can undergo a directed motion in a viscous fluid.
I. INTRODUCTION
Microswimmers are tiny machines that swim in a fluid and they are expected to be used in microfluidics and microsystems [1] . Over the length scale of microswimmers, the fluid forces acting on them are dominated by the frictional viscous forces. By transforming chemical energy into mechanical energy, however, microswimmers change their shape and move efficiently in viscous environments. According to Purcell's scallop theorem, time-reversible body motion cannot be used for locomotion in a Newtonian fluid [2, 3] . As one of the simplest models exhibiting broken time-reversal symmetry, Najafi and Golestanian proposed a three-sphere swimmer [4, 5] , in which three in-line spheres are linked by two arms of varying length. Recently, such a swimmer has been experimentally realized by using colloidal beads manipulated by optical tweezers [6] or by controlling ferromagnetic particles at an air-water interface [7, 8] .
Recently, the present authors have proposed a generalized three-sphere microswimmer model in which the spheres are connected by two harmonic springs, i.e., an elastic microswimmer [9, 10] . A similar model was considered by other people [11] [12] [13] . Later, our model was further extended to a thermally driven elastic microswimmers [14] , suggesting a new mechanism for locomotion that is purely induced by thermal fluctuations. As depicted in Fig. 1 , the key assumption is that the three spheres are in equilibrium with independent heat baths characterized by different temperatures. In such a situation, heat transfer occurs inside the micromachine from a hotter sphere to a colder one, driving the whole system out of equilibrium. We have shown that a combination of heat transfer and hydrodynamic interactions among the spheres can lead to directional locomotion in a steady state [14] . Our model has a similarity to a class of ther- * komura@tmu.ac.jp mal ratchet models [15] [16] [17] , and the suggested new mechanism is relevant to non-equilibrium dynamics of proteins and enzymes in biological systems [18, 19] .
For a thermally driven elastic micromachine, the average velocity was calculated to be [14] 
where k B is the Boltzmann constant, T 1 and T 3 are the temperatures of the first and the third spheres (see Fig. 1 ), η is the viscosity of the surrounding fluid, and ℓ is the typical size of the micromachine. This result indicates that the swimming direction is from a colder sphere to a hotter one, and the velocity does not depend on the temperature of the middle sphere. Moreover, we demonstrated that the average velocity is determined by the net heat flow between the first and the third spheres (see Sec. V) [14] . This result is consistent with the theoretical framework of "stochastic energetics" that has been constructed by Sekimoto [20] [21] [22] . However, a more detailed analysis based on non-equilibrium statistical mechanics is required in order to clarify the physical mechanism for the locomotion of a thermally driven micromachine. It is well-known that systems in thermodynamic equilibrium obey detailed balance which requires that transition rates between any two microscopic states are pairwise balanced [23] . For non-equilibrium steady state situations, however, detailed balance is broken and a probability flux loop should exist in a configurational phase space [24] [25] [26] [27] . Such a probability flux has been experimentally measured in the periodic beating of a flagellum from Chlamydomonas reinhardtii and in the non-periodic fluctuations of primary cilia of epithelial cells [28] . A similar analysis was performed for non-equilibrium shape fluctuations of semi-flexible filaments in a viscoelastic environment [29, 30] . Since the existence of a probability flux loop is a direct verification of a non-equilibrium steady state, it is a useful concept to characterize systems that are driven out of equilibrium.
In this paper, we discuss the non-equilibrium statisti- 1. (Color online) Thermally driven elastic three-sphere micromachine. Three spheres are connected by two identical harmonic springs characterized by the elastic constant K and the natural length ℓ. The time-dependent positions of the spheres are denoted by xi(t) (i = 1, 2, 3) in a one-dimensional coordinate system, and ζi is the friction coefficient for i-th sphere. The three spheres are in equilibrium with independent heat baths at temperatures Ti. In this paper, we do not take into account hydrodynamic interactions acting between different spheres. cal mechanics of a thermally driven micromachine consisting of three spheres and two harmonic springs [14] . The main aim of this work is to obtain the steady state conformational distribution function of such a micromachine and calculate its probability flux in the corresponding mode space. The obtained probability flux will be expressed in terms of a frequency matrix to discuss the non-equilibrium steady state of a micromachine. We analytically show that the probability flux proportional to the temperature difference between the first and the third spheres as long as the friction coefficients are all identical. Furthermore, we use the flux rotor to characterize the degree of non-equilibrium of a micromachine. We shall obtain a relation connecting the flux rotor to the average velocity of a thermally driven micromachine.
In the next Section, we explain our model of a thermally driven three-sphere micromachine by introducing the coupled Langevin equations for the two spring extensions. In Sec. III, we calculate the variances as well as the covariance of conformational fluctuations, and determine the steady state probability distribution function of an elastic micromachine. In Sec. IV, by employing the Fokker-Planck equation, we argue the steady state probability flux in the mode space and the resulting flux rotor. Finally, a summary of our work and some discussion are given in Sec. V. In Appendix, we give a matrix representation of linear stochastic dynamical systems, which is useful to generally understand our results from a mathematical point of view.
II. THERMALLY DRIVEN THREE-SPHERE MICROMACHINE
We first explain the model of a thermally driven elastic micromachine that was introduced by the present authors [14] . As schematically shown in Fig. 1 , this model consists of three hard spheres connected by two harmonic springs. For the sake of simplicity, we assume that the two springs are identical, and the common spring con-stant and the natural length are given by K and ℓ, respectively. Then the total elastic energy is given by
where x i (t) (i = 1, 2, 3) are the positions of the three spheres in a one-dimensional coordinate system, and we also assume x 1 < x 2 < x 3 without loss of generality. In our previous model for an elastic swimmer [9, 10] , the natural length of each spring is assumed to undergo a prescribed cyclic change in time, ℓ(t), representing internal states of the micromachine. For a thermally driven micromachine, however, ℓ is taken to be a constant and characterizes the size of the micromachine [14] . We consider a situation in which the three spheres are in thermal equilibrium with independent heat baths at temperatures T i (i = 1, 2, 3) [14] . When these temperatures are different, the system is inevitably driven out of equilibrium because heat flux from a hotter sphere to a colder one is generated. The equations of motion of the three spheres are written in the form of Langevin equations aṡ
where dot indicates the time derivative, ζ i (i = 1, 2, 3) is the friction coefficient for i-th sphere, and the Boltzmann constant is set to unity hereafter. Furthermore, ξ i (t) (i = 1, 2, 3) is a zero mean and unit variance Gaussian white noise, independent for all the spheres:
In contrast to Ref. [14] , we do not take into account hydrodynamic interactions acting between different spheres in the above equations. Hence, the locomotion of a micromachine is not explicitly considered in this paper, but they are sufficient for the statistical analysis. In the following argument, it is convenient to introduce the two spring extensions with respect to ℓ: 
Here we have introduced the relevant effective friction coefficient
and the mobility-weighted average temperature (1/ζ i is the mobility)
which is between T i and T j . The average temperatures T 12 and T 23 can be regarded as two effective temperatures characterizing the non-equilibrium behaviors of a thermally driven micromachine in a reduced mode space of r 12 and r 23 .
The definition of the effective temperature T ij arises from the condition that the newly defined noise ξ 12 (t) and ξ 23 (t) in Eqs. (9) and (10) satisfy the following statistical properties:
It is important to note that the strength of the crosscorrelation ξ 12 (t)ξ 23 (t ′ ) in Eq. (16) is negative and its amplitude differs from unity. This noise property turns out to be important when we later discuss the Fokker-Planck equation for the probability distribution function in Sec. IV.
III. STEADY STATE DISTRIBUTION FUNCTION
In this section, we shall investigate the conformational distribution of r 12 and r 23 that obey the coupled Langevin equations given by Eqs. (9) and (10) . For this purpose, we introduce a Fourier representation of any function f (t) as
where ω is the frequency and f [ω] is the corresponding Fourier component. We rewrite Eqs. (9) and (10) in terms of r 12 [ω] and r 23 [ω] and solve for them. After some calculations, they are obtained as
where the common quantity b in the denominators is
Using Eqs. (18) and (19), one can calculate the three correlation functions r 12 [ω]r 12 [ω ′ ] , r 23 [ω]r 23 [ω ′ ] , and r 12 [ω]r 23 [ω ′ ] in the frequency domain. Then the two variances σ 2 12 , σ 2 23 and the covariance σ 13 (namely, the equal-time correlation functions) are respectively obtained by
where we have used the notation
With these results, we construct a symmetric covariance matrix C defined by
Then the inverse of the covariance matrix can be simply given by where the correlation factor ρ is defined by
Notice that the absolute value of the correlation factor should satisfy the condition |ρ| < 1. As explained in Appendix, the steady state covariance matrix can generally be obtained by solving the corresponding Lyapunov equation [see Eq. (A.4)] [24] . When the three friction coefficients are all identical, i.e., ζ 1 = ζ 2 = ζ 3 , the above correlation factor reduces to
that depends only on the temperatures. Here, we see that ρ generally vanishes when T 1 + T 3 = 2T 2 , i.e, the temperature of the middle sphere coincides with the average temperature between the first and the third spheres. Obviously, ρ vanishes in thermal equilibrium, T 1 = T 2 = T 3 , although ρ = 0 does not mean that the micromachine is in thermal equilibrium. Hence ρ is not an appropriate quantity to characterize the non-equilibrium nature of a thermal micromachine.
Next we consider the steady state probability distribution function p(r), where r = (r 12 , r 23 ) T and "T" indicates the transpose. Owing to the reproductive property of Gaussian distributions [23] , p(r) should also be a Gaussian function for the present linear problem and is given by
where N is the normalization factor. According to Eq. (26) for C −1 , the explicit form of the distribution function can be written as
together with Eqs. (21), (22) , and (27) . Despite the fact that the micromachine is out of equilibrium, the extensions of the two springs obey the Boltzmann-type distribution that is characterized by the effective temperatures T 12 and T 23 [31] . Hence, our further analysis heavily depends on Eq. (30). Let us introduce the following dimensionless temperature parameter
which is the ratio between the thermal energy of each sphere and the spring elastic energy. In Fig. 2 , we plot the dimensionless steady state distribution function p(r) in Eq. (30) as a function of r 12 /ℓ and r 23 /ℓ for different parameter combinations. The absolute value of the friction coefficient is not required for these plots because we are focusing only on the stationary state distribution. The parameters in Fig. 2 (a) are ζ 1 = ζ 2 = ζ 3 , τ 1 = 1/900, τ 2 = 41/900, and τ 3 = 81/900. Notice that these temperatures satisfy τ 1 + τ 3 = 2τ 2 and hence ρ = 0 according to Eq. (28) . This means that the distribution function p(r) is simply a product of two Gaussian functions, and there is no correlation between r 12 and r 23 for these temperatures. Hence, the distribution function is elongated only in the r 23 -direction because τ 1 < τ 3 . The parameters in Fig. 2 (b) are ζ 1 = ζ 2 = ζ 3 , τ 1 = τ 3 = 25/900, and τ 2 = 41/900. Here the temperatures of the first and the third spheres are identical although the correlation factor obtained from Eq. (28) is negative, ρ < 0. The correlation between r 12 and r 23 causes a tilt of the elongated distribution and the tilt direction has a negative slope. Here the whole plot is symmetric with respect to the straight line r 12 = r 23 . In spite of the correlation between r 12 and r 23 , the system is thermally balanced because the effective temperatures T 12 and T 23 are identical. As we discuss in the next Section, the micromachine behaves as if it were in thermal equilibrium in the reduced mode space.
Keeping the temperature parameters τ i the same as in Fig. 2(a) and (b), we introduce asymmetries in the friction coefficients, e.g., ζ 1 /ζ 2 = 0.5 and ζ 3 /ζ 2 = 5, in Fig. 2(c) and (d) , respectively. Then the correlation factor should be estimated according to Eq. (27) .
In Fig. 2(c) , there is a negative correlation between r 12 and r 23 owing to the different friction coefficients, which differs from Fig. 2(a) . On the other hand, Fig. 2(d) is no longer symmetric with respect to the line r 12 = r 23 because of the asymmetries in the friction coefficients.
Here the system is no longer thermally balanced because T 12 = T 23 even though T 1 = T 3 [see Eq. (12)].
IV. PROBABILITY FLUX AND FLUX ROTOR
Next, we calculate the probability flux and the related quantities that can be used to characterize the nonequilibrium properties of a three-sphere micromachine. The Fokker-Planck equation corresponding to Eqs. (9) and (10) can be written for the time-dependent conformational probability distribution function p(r, t) as [33, 34] 
expressing the fact that probability is neither created nor annihilated. In the above, the vector j = (j 12 , j 23 ) T is the two-dimensional probability flux given by
where the matrices A and D are
and
respectively. Here A describes the linear deterministic dynamics determined by Eqs. (9) and (10), whereas D is called the diffusion matrix (see also Appendix). The non-zero off-diagonal components of D originate from the noise correlation shown in Eq. (16) . Note that A and D are both symmetric matrices. In a steady state, i.e.,ṗ = 0, the probability flux j(r) can be obtained from Eq. (33) by using the Gaussian probability distribution function p in Eq. (30) and becomes
One can easily confirm that this probability flux is divergence-free, i.e., ∇ · j = 0, so that the steady state condition is satisfied. Alternatively, the above probability flux j can be conveniently expressed in terms of a frequency matrix Ω as [24] 
where the explicit expression of Ω is given by
Since j is divergence-free, Ω should be a traceless matrix [25] . Using Eqs. (11) and (12) , one can easily confirm that Ω is indeed traceless. In Appendix, we generally show that the frequency matrix Ω can be expressed as Ω = A + DC −1 within the matrix formulation [see Eq. (A.6)].
When the friction coefficients are identical, ζ 1 = ζ 2 = ζ 3 = ζ, the obtained frequency matrix is simplified to
where the quantity c in the denominators is
Here, we see that Ω is proportional to T 1 − T 3 , and hence the probability flux j vanishes when T 1 = T 3 whatever the temperature T 2 of the middle sphere. Indeed, j = 0 or Ω = 0 is a necessary and sufficient condition for the physical situation where detailed balance is satisfied [24] .
When the system is in thermal equilibrium and detailed balance holds, the probability of a transition between any two states is the same as the probability of the reverse transition. As a result, a net probability flux does not exist. In Appendix, we generally show that the necessary and sufficient condition for detailed balance is the commutation relation AD − DA T = 0 [see Eq. (A.7)]. When T 1 = T 3 , on the other hand, we have nonzero frequency matrix Ω regardless of the middle sphere temperature T 2 . Then detailed balance is violated and the micromachine is in its non-equilibrium steady state. Hence the frequency matrix is an important measure to quantify the out of equilibrium properties of a thermally driven micromachine. In such non-equilibrium situations, the two eigenvalues of Ω in Eq. (40) are given by
Since the two eigenvalues are purely imaginary, the probability current in the mode space is rotational [24, 27] . Notice here that the essential frequency scale is set by γ ∼ K/ζ. We also note that the diagonal components of the frequency matrix in Eq. (40) vanish when T 1 + T 3 = 2T 2 or ρ = 0 [see Eq. (28)]. In Fig. 3 , we plot the dimensionless probability flux vector j(r) in Eqs. (36) and (37) as a function of r 12 /ℓ and r 23 /ℓ by using the same parameter values as in Fig. 2 . Note that the color scale indicates the magnitude of the flux vector. In Fig. 3(a) loops can be clearly seen. When the friction coefficients are identical as in Fig. 3(a) , the existence of a flux loop is consistent with a directed motion of a three-sphere micromachine [14] .
In Fig. 3(b) with τ 1 = τ 3 , however, the probability flux does not exist simply because Ω = 0. Asymmetries both in the temperatures and the friction coefficients lead to a flux loop in Fig. 3(c) . The presence of a flux loop in Fig. 3(d) even when τ 1 = τ 3 is due to the asymmetry in the friction coefficients. Although the case with different friction coefficients was not studied in Ref. [14] , we expect that a finite flux loop leads to a directed motion of a three-sphere micromachine despite the balanced temperature distribution.
To further characterize the strength of the probability flux loop in terms of a scaler quantity, we consider the following flux rotor [35] : 12 j 23 − ∂ ∂r 23 j 12 = p(w 0 + w 12 r 2 12 + w 23 r 2 23 + w 13 r 12 r 23 ) ζ 2 ζ 12 ζ 23 σ 4 12 σ 4
where w 0 , w 12 , w 23 , and w 13 are
In Fig. 4 , we plot the dimensionless flux rotor s(r) in Eq. (43) as a function of r 12 /ℓ and r 23 /ℓ by using the same parameter values as in Fig. 2 . All the plots in Fig. 4 characterize the rotational structures in Fig. 3 in terms of a scaler quantity. In Fig. 4(a) , (c), and (d), the flux rotor s takes negative values around the origin of the mode space, r = 0, whereas it takes positive values in the outer regions. The flux rotor vanishes when |r 12 | or |r 23 | is large enough. In Fig. 4(a) , the distribution of s is elongated in the r 23 -direction, while there is no correlation between r 12 and r 23 . The flux rotor vanishes in Fig. 4(b) simply because Ω = 0 when τ 1 = τ 3 . When the friction coefficients are different as in Fig. 4(c) 
This quantity reflects the global structure of a probability flux loop. Alternatively, one can also consider the strength of the flux rotor at the origin of the mode space, i.e., s(r = 0). This quantity, denoted as s 0 , is given by
because only the term proportional to w 0 in Eq. (43) remains. When the friction coefficients are identical, ζ 1 = ζ 2 = ζ 3 = ζ, Eq. (49) further reduces to
where c is given by Eq. (41). This result shows that the sign of s 0 is purely determined by the temperature difference T 1 − T 3 . In Fig. 5 , we plot the dimensionless s 0 as a function of T 1 /T 2 and T 3 /T 2 . We find s 0 to be a useful scaler quantity to measure the scale of non-equilibrium of a micromachine.
Since both the average velocity of a thermally driven micromachine [see Eq. (1)] and the flux rotor s 0 [see Eq. (50)] are proportional to T 1 − T 3 , we can rewrite the average velocity in terms of s 0 as
where we have used Stokes' law, ζ = 6πηa, for the friction coefficient of a hard sphere of radius a, and recovered the Boltzmann constant for the sake of completeness. This is an important result of this paper, showing that the average velocity is proportional to the flux rotor s 0 at the origin of the mode space.
V. SUMMARY AND DISCUSSION
In this paper, we have discussed the non-equilibrium statistical mechanics of a thermally driven micromachine made of three spheres and two harmonic springs as proposed by the present authors [14] . First, we have calculated the steady state conformational distribution function of such a micromachine and showed that it is given by a Gaussian function characterized by a finite correlation factor [see Eq. (30) ]. Using this distribution function, we have obtained the steady state probability flux of a micromachine and further expressed it in terms of a traceless frequency matrix [see Eqs. (39) and (40) ]. The frequency matrix is suitable to distinguish between a non-equilibrium steady state and a thermal equilibrium state satisfying detailed balance. We have shown that the steady state probability flux or the frequency matrix is proportional to the temperature difference between the first and the third spheres when the friction coefficients are all identical [see Eq. (40) ]. Moreover, the scale of non-equilibrium of a micromachine can quantitatively be characterized by the flux rotor [see Eq. (43) or (49)]. As the main conclusion of this paper, we showed that the average velocity of a thermally driven micromachine is proportional to the flux rotor so that it can undergo a directed motion in a viscous fluid [see Eq. (51)].
An interesting situation to be discussed in more detail is the case when ζ 1 = ζ 2 = ζ 3 and T 1 = T 3 = T 2 . Microscopically, such a micromachine is in a nonequilibrium steady state because the temperature of the second sphere is different from those of the other spheres. However, within the mode space r 12 and r 23 , the two relevant average temperatures are equal, i.e., T 12 = T 23 . Hence the overall state of a micromachine is effectively in thermal equilibrium and detailed balance is satisfied, i.e., Ω = 0. This is the reason why the average velocity in Eq. (1) vanishes when T 1 = T 3 regardless of T 2 . It is known that, even for some systems out of equilibrium, broken detailed balance doest not need to be apparent at larger scales, and they can regain thermodynamic equilibrium when the system is coarse grained [36, 37] . In our analysis, the reduction of the mode space has been implicitly assumed because we have focused only on the distribution of r 12 and r 23 , while the center of mass motion of a micromachine has been neglected. At this levelof description, an elastic three-sphere micromachine behaves as if it were in thermal equilibrium when T 1 = T 3 .
In our previous paper [14] , we argued that the average velocity of a micromachine can be related to the ensemble average of heat flows in a steady state. Within the framework of "stochastic energetics", the heat gained by i-th sphere per unit time is expressed as [20] [21] [22] 
whereẋ i (t) and ξ i (t) are given in Eqs. (3)- (5) . When the friction coefficients are identical, we showed that the average velocity can also be expressed in terms of the lowest-order average heat flows as
This relation indicates that the average velocity is determined by the net heat flow between the first and the third spheres. It was also shown that the lowest-order heat flows satisfy
Our result in this paper indicates that the net heat flow between the first and the third spheres is also proportional to the flux rotor s 0 given by Eq. (50). We mention here that our model of a three-sphere micromachine has a similarity to that of two over-damped, tethered spheres coupled by a spring and also confined between two walls [27, 28] . Because these two spheres are in contact with heat baths having different temperatures, the system can be driven out of equilibrium. They numerically showed that displacements obey a Gaussian distribution and also found probability flux loops that demonstrate the broken detailed balance [28] . In Ref. [27] , an analytical expression of the frequency matrix for this two-sphere model was shown to be proportional to the temperature difference. Clearly, the two displacements r 12 and r 23 in Eq. (8) correspond to the sphere positions in their model. It is interesting to note, for example, that our result of the frequency matrix in Eq. (40) reduces to Eq. (42) in Ref. [27] when T 2 = 0. When T 2 is nonzero, however, the presence of the middle sphere changes the structure of the frequency matrix as we have seen in Eq. (39) or Eq. (40) . Moreover, the important outcome of this work is the relation between the average velocity and the probability flux rotor for a three-sphere micromachine [see Eq. (51)]. Notice that a two-sphere micromachine in a viscous fluid cannot have a directed motion even if the temperatures are different [14] .
As mentioned before, we have neglected long-ranged hydrodynamic interactions acting between different spheres. For this reason, we have not discussed the locomotion of a micromachine, while the focus has been on the probability distribution and the probability flux. In our previous paper [14] , we explicitly took into account hydrodynamic interactions although the analysis was limited only to the case when the friction coefficients (or the sphere sizes) are all identical. When the spheres have different sizes, one needs to take into account higherorder contributions in r 12 and r 23 as well as in the sphere size a, which requires further involved analytical calculations. In the present work, however, we have shown that asymmetries in the friction coefficients lead to a finite probability flux loop [see Fig. 3(d) ] or flux rotor [see Fig. 4(d) ], anticipating a locomotion of an asymmetric micromachine in a viscous fluid. This prediction will be investigated in the future by performing numerical simulations of the coupled stochastic equations, as given by Eqs. (3)-(5), in the presence of hydrodynamic interactions. The other possible extension is to take into account the asymmetry between the two spring constants [14] , which is not considered in this paper.
So far, various concepts have been proposed to quantitatively discuss whether a steady state is in thermal equilibrium or not [37] . One of the most promising methods is to search for the violation of the fluctuation-dissipation relation that is guaranteed in thermal equilibrium situations [38, 39] . However, it is not always easy to perform two separate measures of the correlation function and of the response function for the same system. Moreover, the measurement of the response function can often be intrinsically invasive and not suitable for biological systems. Unfortunately, the observation of non-Gaussian distribution fluctuations is not a proof for the non-equilibrium steady sate [28, 40] . Since the emergence of probability flux loops is a direct verification of a non-equilibrium steady state, it can be a powerful method to study sys-tems that are driven out of equilibrium. When Ω = 0 and hence detailed balance holds, we have A + DC −1 = 0. After the elimination of C in the Lyapunov equation, we then have AD − DA T = 0.
(A.7)
This commutation relation holds if and only if the system is in thermal equilibrium and satisfies detailed balance. Moreover, whether or not detailed balance is satisfied is coordinate invariant.
When Ω = 0 and hence detailed balance is broken, the system is in non-equilibrium steady state situations. In this case, one can show that the following two relations hold: 
